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Abstract
We develop an internal gauge theory using a covariant star product. The
space-time is a symplectic manifold endowed only with torsion but no curvature.
It is shown that, in order to assure the restrictions imposed by the associativity
property of the star product, the torsion of the space-time has to be covariant
constant. An illustrative example is given and it is concluded that in this case the
conditions necessary to define a covariant star product on a symplectic manifold
completely determine its connection.
1 Introduction
Noncommutative gravity has been intensively studied in the last years. One important
motivation is the hope that such a theory could offer the possibility to develop a
quantum theory of gravity, or at least to give an idea of how this could be achieved
[1, 2, 3, 4, 5, 6]. There are two major candidates to quantum gravity: string theory
[7] and loop quantum gravity [8]. Noncommutative geometry and, in particular, gauge
theory of gravity are intimately connected with both these approaches and the overlaps
are considerable [2]. String theory is one of the strongest motivations for considering
noncommutative space-time geometries and noncommutative gravitation. It has been
shown, for example, that in the case when the end points of strings in a theory of open
strings are constrained to move on D branes in a constant B-field background and
one considers the low-energy limit, then the full dynamics of the theory is described
by a gauge theory on a noncommutative space-time [9]. Recently, it has been argued
that the dynamics of the noncommutative gravity arising from string theory [10] is
much richer than some versions proposed for noncommutative gravity. It is suspected
that the reason for this is the noncovariance of the Moyal star product under space-
time diffeomorphisms. A geometrical approach to noncommutative gravity, leading to
a general theory of noncommutative Riemann surfaces in which the problem of the
frame dependence of the star product is also recognized, has been proposed in [11] (for
further developments, see [12, 13]).
Now, one important problem is to develop a theory of gravity considering curved
noncommutative space-times. The main difficulty is that the noncommutativity pa-
rameter θµν is usually taken to be constant, which breaks the Lorentz invariance of
the commutation relations between coordinates [see (2.1) below], and implicitly of any
noncommutative field theory. One possible way to solve this problem is to consider θµν
depending on coordinates and use a covariant star product. In [14] such a product has
been defined between differential forms and the property of associativity was verified
up to the second order in θµν .
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In this paper we will adopt the covariant star product defined in [14] and extend
the result to the case of Lie-algebra-valued differential forms. We will follow the same
procedure as in our previous paper [15]. But, in order to simplify the expression of the
covariant product and to give an illustrative example, we will consider the case when
the noncommutative space-time is a symplectic manifoldM endowed only with torsion
(and no curvature). The restrictions imposed by such a covariant star product requires
also that the torsion is covariant constant. The motivation for adopting such a manifold
is that it allows the construction of noncommutative teleparallel gravity (for the idea of
teleparallelism in gravity see [16]). It has been shown that a very difficult problem like
the definition of a tensorial expression for the gravitational energy-momentum density
can be solved in teleparallel gravity [17, 18]. This density is conserved in covariant
sense. It has also been argued that the quantization problem is much more convenient
to handle in teleparallel gravity [19] than in general relativity, due to the possibility of
decomposing torsion into irreducible pieces under the global Lorentz group.
Teleparallel gravity is also a very natural candidate for an effective noncommuta-
tive field theory of gravitation [20]. In addition it possesses many features which makes
it particularly well-suited for certain analyses. For instance it enables a pure tenso-
rial proof of the positivity of the energy in general relativity [21], it yields a natural
introduction of Ashtekar variables [22], and makes it possible to study the torsion at
quantum level [23], for example, in the gravitational coupling to spinor fields.
On the other hand, we can try to apply the covariant star product to the case
when the space-time is a symplectic manifold which has only curvature, but the torsion
vanishes. Then, the restriction imposed by the Jacobi identity for the Poisson bracket
requires also the vanishing curvature. The corresponding connection is flat symplectic
and this reduces drastically the applicability area of the covariant star product. Of
course, it is possible to have a manifold with both curvature and torsion.
In Section 2, considering a manifoldM endowed only with torsion, we give the defi-
nition of the covariant star product between two arbitrary Lie-algebra-valued differen-
tial forms and some of its properties. Then, the star bracket between such differential
forms is introduced and some examples are given.
Section 3 is devoted to the noncommutative internal gauge theory formulated with
the new covariant star product. The noncommutative Lie-algebra-valued gauge po-
tential and the field strength 2-form are defined and their gauge transformation laws
are established. It is shown that the field strength is gauge covariant and satisfies a
deformed Bianchi identity.
An illustrative example is presented in Section 4. It is shown that in our simple
example, the conditions necessary to define a covariant star product on a symplectic
manifold M completely determine its connection.
Section 5 is devoted to the discussion of the results and to the interpretation of
noncommutative gauge theory formulated by using the covariant star product between
Lie-algebra-valued differential forms on symplectic manifolds. Some other possible
applications of this covariant star product are also analyzed.
The Appendix A contains a detailed verification of the associativity property of
the covariant star product including only the torsion in its definition.
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2 Covariant star product
We consider a noncommutative space-time M endowed with the coordinates xµ, µ =
0, 1, 2, 3, satisfying the commutation relation
[xµ, xν ]⋆ = iθ
µν(x), (2.1)
where θµν(x) = −θνµ(x) is a Poisson bivector [14]. The space-time is organized as a
Poisson manifold by introducing the Poisson bracket between two functions f(x) and
g(x) by
{f, g} = θµν∂µf∂νg. (2.2)
In order that the Poisson bracket satisfies the Jacobi identity, the bivector θµν(x) has
to obey the condition [24, 25]
θµσ∂σθ
νρ + θνσ∂σθ
ρµ + θρσ∂σθ
µν = 0. (2.3)
If a Poisson bracket is defined on M , then M is called a Poisson manifold (see [24] for
mathematical details).
Suppose now that the bivector θµν(x) has an inverse ωµν(x), i.e.
θµρωρν = δ
µ
ν . (2.4)
If ω = 1
2
ωµνdx
µ ∧ dxν is nondegenerate (detωµν 6= 0) and closed (dω = 0), then it is
called a symplectic 2-form and M is a symplectic manifold. It can be verified that the
condition dω = 0 is equivalent with the equation (2.3) [14, 24, 26]. In this paper we
will consider only the case when M is symplectic.
Because the gauge theories involve Lie-valued differential forms such as
A = Aaµ(x)Tadx
µ = Aµdx
µ, Aµ = A
a
µ(x)Ta, where Ta are the infinitesimal generators
of a symmetry group G, we need to generalize the definition of the Poisson bracket
to differential forms and define then an associative star product for such cases. These
problems were solved in [14, 24, 26]. In [15] we generalized these results to the case of
Lie-algebra-valued differential forms. This generalization has the effect that the com-
mutator of differential forms can be a commutator or an anticommutator, depending
on their degrees.
Assuming that θµν(x) is invertible, we can always write the Poisson bracket {x, dx}
in the form [14, 24, 26]
{xµ, dxν} = −θµρΓνρσdx
σ, (2.5)
where Γνρσ are some functions of x transforming like a connection under general coor-
dinate transformations. As Γνρσ is generally not symmetric, one can use the connection
1-forms
Γ˜µν = Γ
µ
νρdx
ρ, Γµν = dx
ρΓµρν (2.6)
to define two kinds of covariant derivatives ∇˜ and ∇, respectively. The curvatures for
these two connections are
R˜νλρσ = ∂ρΓ
ν
λσ − ∂σΓ
ν
λρ + Γ
ν
τρΓ
τ
λσ − Γ
ν
τσΓ
τ
λρ, (2.7)
Rνλρσ = ∂ρΓ
ν
σλ − ∂σΓ
ν
ρλ + Γ
ν
ρτΓ
τ
σλ − Γ
ν
στΓ
τ
ρλ. (2.8)
Because the connection coefficients Γρµν are not symmetric
(
Γρµν 6= Γ
ρ
νµ
)
the symplectic
manifold M has also a torsion defined as usual [14]
T ρµν = Γ
ρ
µν − Γ
ρ
νµ. (2.9)
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The connection ∇ satisfies the identity [14]
[∇µ,∇ν ]α = −R
σ
ρµνdx
ρ ∧ iσα− T
ρ
µν∇ρα, (2.10)
and an analogous formula applies for ∇˜. Here, α is an arbitrary differential k-form
α =
1
k!
αµ1···µkdx
µ1 ∧ · · · ∧ dxµk (2.11)
and iσα denotes the interior product which maps the k-form α into a (k − 1)-form
iσα =
1
(k − 1)!
ασµ2···µkdx
µ2 ∧ · · · ∧ dxµk . (2.12)
It has been proven that in order for the Poisson bracket to satisfy the Leibniz rule
d{f, g} = {df, g}+ {f, dg} (2.13)
the bivector θµν(x) has to obey the property [14]
∇˜ρθ
µν = ∂ρθ
µν + Γµσρθ
σν + Γνσρθ
µσ = 0. (2.14)
Thus θµν is covariant constant under ∇˜, and ∇˜ is an almost symplectic connection.
One can use the Leibniz condition (2.14) together with the Jacobi identity for the
Poisson bivector θµν to obtain the cyclic relation for torsion∑
(µ,ν,ρ)
θµσθνλT
ρ
σλ = 0. (2.15)
Note that while this relation shows that a torsion-free connection identically satisfies
the property (2.15), the Jacobi identity does not require the connection to be torsion-
less. Also note that (2.14) and the Jacobi identity for the Poisson bivector can be
combined to obtain the following cyclic relation:∑
(µ,ν,ρ)
θµσ∇σθ
νρ = 0. (2.16)
If in addition to ∇˜ρθ
µν = 0, one imposes ∇ρθ
µν = 0, the torsion vanishes, T ρµν = 0,
and there is only one covariant derivative ∇ = ∇˜. In this paper, we do not require
that ∇ρθ
µν = 0.
Using the graded product rule, one arrives at the following general expression of
the Poisson bracket between differential forms [14, 26]
{α, β} = θµν∇µα ∧∇νβ + (−1)
|α|R˜µν ∧ (iµα) ∧ (iνβ), (2.17)
where |α| is the degree of the differential form α, and
R˜µν =
1
2
R˜µνρσdx
ρ ∧ dxσ, R˜µνρσ = θ
µλR˜νλρσ (2.18)
In order that (2.17) satisfies the graded Jacobi identity
{α, {β, γ}}+ (−1)|α|(|β|+|γ|){β, {γ, α}}+ (−1)|γ|(|α|+|β|){γ, {α, β}} = 0, (2.19)
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the connection Γρµν must obey the following additional conditions [14]
Rνλρσ = 0, (2.20)
∇λR˜
µν
ρσ = 0. (2.21)
A covariant star product between arbitrary differential forms has been defined
recently in [14] having the general form
α ⋆ β = α ∧ β +
∞∑
n=1
(
i~
2
)n
Cn (α, β) , (2.22)
where Cn(α, β) are bilinear differential operators satisfying the generalized Moyal sym-
metry [26]
Cn(α, β) = (−1)
|α||β|+nCn(β, α). (2.23)
The operator C1 coincides with the Poisson bracket, i.e. C1(α, β) = {α, β}. An
expression for C2(α, β) has been obtained also in [14] so that the star product (2.22)
satisfies the property of associativity
(α ⋆ β) ⋆ γ = α ⋆ (β ⋆ γ). (2.24)
In this paper we consider the case when the symplectic manifoldM has only torsion,
i.e. in addition to the necessary constraints (2.14), (2.20) and (2.21) we require
R˜σµνρ = 0. (2.25)
Since the curvature Rσρµν vanishes (2.20), one obtains the following relation between
the curvature R˜ and the torsion T [14]
R˜σµνρ = ∇µT
σ
νρ. (2.26)
This relation shows that the condition (2.25) requires that the torsion T σνρ is covariant
constant, i.e.
∇µT
σ
νρ = 0. (2.27)
Therefore, if the torsion is covariant constant, the symplectic manifold M has only
torsion but not curvature.
For such a symplectic manifold, the bilinear differential operators C1(α, β) and
C2(α, β) in the star product (2.22) proposed in [14] reduce to the simpler forms
C1(α, β) = {α, β} = θ
µν∇µα ∧∇νβ, (2.28)
C2(α, β) =
1
2
θµνθρσ∇µ∇ρα ∧ ∇ν∇σβ +
1
3
(
θµσ∇σθ
νρ +
1
2
θνσθρλT
µ
σλ
)
(2.29)
× (∇µ∇να ∧ ∇ρβ −∇να ∧∇µ∇ρβ) .
We can verify that the covariant star product with torsion defined in (2.28)–(2.29)
is associative [see the Appendix A]. In the next section we apply this covariant star
product in order to develop a noncommutative internal gauge theory.
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3 Noncommutative gauge theory
Let us consider the internal symmetry group G and develop a noncommutative gauge
theory on the symplectic manifold M endowed with the covariant star product (with
torsion) defined above. We proceed as in [15], but considering the star product defined
in (2.28)–(2.29). This product differs from that used in [15]:
• The curvature R˜σµνρ is supposed here to vanish as well as R
σ
µνρ;
• The ordinary derivative ∂σθ
νρ (see (2.17) in [15]) is replaced with the covariant
derivative ∇σθ
νρ;
• In (2.29) it appears an additional term 1
2
θνσθρλT
µ
σλ compared with previous ver-
sion (see [14] for details, and also [26, 25] for other aspects).
The results given in [15] apply with the corresponding changes mentioned above. Be-
fore presenting them we make some observations on other possible applications of the
covariant star product.
1. It will be interesting to see if the Seiberg-Witten map can be generalized to the
case when the ordinary derivatives are replaced with the covariant derivatives
and the Moyal star product is replaced by the covariant one.
2. We can consider that the symplectic manifold M is associated to a gauge theory
of gravitation with Poincare´ group P as local symmetry (see [27, 28, 29] for
notations and definitions) and using the covariant star product as in [15]. In
this case we introduce the Poincare´ gauge fields eaµ (tetrads) and ω
ab
µ (spin
connection) and then we define the covariant derivative as
∇µ = ∂µ −
1
2
ωabµ Σab. (3.1)
It can be shown that by imposing the tetrad postulate [27]
∇µe
a
ν − Γ
ρ
µνe
a
ρ = 0 (3.2)
one introduces the connection Γρµν in the Poincare´ gauge theory and the strength
tensors F abµν , F
a
µν determine the curvature and torsion of M
Rρσµν = F
ab
µν e¯
ρ
a e¯
σ
b , T
ρ
µν = F
a
µν e¯
ρ
a , (3.3)
where e¯ ρa denote the inverse of e
a
µ, i.e.
e¯ ρa e
a
σ = δ
ρ
σ, e¯
ρ
a e
b
ρ = δ
b
a. (3.4)
Now, let us suppose that we develop an internal gauge theory with the symmetry
group G on the symplectic manifold M . It is very important to remark that
making the minimal prescription ∂µ →∇µ the strength tensor Fµν of the internal
gauge fields Aµ = A
a
µTa must be written as
Fµν = ∇µAν −∇νAµ − i [Aµ, Aν ] + AρT
ρ
µν , (3.5)
in order to assure its covariance both under Poincare´ group P and internal group
G. The gauge invariance under the gauge transformations of G becomes quite
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clear if we observe that the expression (3.5) is identical with the usual one.
Indeed, using the definitions of the covariant derivative ∇µ and torsion T
ρ
µν , we
obtain
Fµν = ∂µAν − AρΓ
ρ
µν − ∂νAµ + AρΓ
ρ
νµ − i [Aµ, Aν ] + Aρ
(
Γρµν − Γ
ρ
νµ
)
= ∂µAν − ∂νAµ − i [Aµ, Aν ] .
(3.6)
Also, because the components of the gauge parameter λ = λaTa are considered
as functions, we can write the gauge transformations as
δAµ = ∇µλ− i [Aµ, λ] , ∇µλ = ∂µλ. (3.7)
In what follows, we will use these expressions (3.5) and (3.7) in order to show
their invariances explicitly.
Suppose now that we have an internal gauge groupG whose infinitesimal generators
Ta satisfy the algebra
[Ta, Tb] = if
c
abTc, a, b, c = 1, 2, . . . , m, (3.8)
with the structure constants f cab = −f
c
ba and that the Lie-algebra-valued infinitesimal
parameter is
λˆ = λˆaTa. (3.9)
We use the hat symbol “ˆ” to denote the noncommutative quantities of our gauge
theory. The parameter λˆ is a zero-form, i.e. λˆa are functions of the coordinates xµ on
the symplectic manifold M .
Now, we define the gauge transformation of the noncommutative Lie-valued gauge
potential
Aˆ = Aˆaµ(x)Tadx
µ = Aˆµdx
µ, Aˆµ = Aˆ
a
µ(x)Ta, (3.10)
by
δˆAˆ = dλˆ− i
[
Aˆ, λˆ
]
⋆
. (3.11)
Here we consider the following formula for the commutator [α, β]⋆ of two arbitrary
differential forms α and β
[α, β]⋆ = α ⋆ β − (−1)
|α||β|β ⋆ α. (3.12)
Then, using the definition (2.22) of the star product, we can write (3.11) as
δˆAˆa = dλˆa + fabcAˆ
bλˆc +
~
2
dabcC1
(
Aˆb, λˆc
)
−
~2
4
fabcC2
(
Aˆb, λˆc
)
+O
(
~
3
)
, (3.13)
where we noted {Ta, Tb} = d
c
abTc. In fact, this notation is valid if the Lie algebra closes
also for the anticommutator, as it happens, for example, in the case of unitary groups.
In general, the commutators like
[
Aˆ, λˆ
]
⋆
take values in the enveloping algebra [30].
Therefore, the gauge field Aˆ and the parameter λˆ take values in this algebra. Let us
write for instance Aˆ = AˆITI and λˆ = λˆ
ITI , then[
Aˆ, λˆ
]
⋆
=
1
2
{
AˆI , λˆJ
}
⋆
[TI , TJ ] +
1
2
[
AˆI , λˆJ
]
⋆
{TI , TJ}.
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Thus, all products of the generators TI will be necessary in order to close the enveloping
algebra. Its structure can be obtained by successively computing the commutators and
anticommutators starting from the generators of Lie algebra, until it closes [30],
[TI , TJ ] = if
K
IJTK , {TI , TJ} = d
K
IJTK .
Therefore, in our above notations and in what follows we understand this structure in
general.
The operators Cn of the star product are defined similarly for noncommutative
differential forms like Aˆa as for commutative ones. In particular C1
(
Aˆb, λˆc
)
and
C2
(
Aˆb, λˆc
)
are given by (2.28)–(2.29). Here the covariant derivative concerns the
space-time manifold M , not the gauge group G, so we use the definition
∇µAˆ
a =
(
∂µAˆ
a
ν − Γ
ρ
µνAˆ
a
ρ
)
dxν ≡
(
∇µAˆ
a
ν
)
dxν . (3.14)
We define also the curvature 2-form Fˆ of the gauge potentials by
Fˆ =
1
2
dxµ ∧ dxνFˆµν = dAˆ−
i
2
[
Aˆ, Aˆ
]
. (3.15)
Then, using the definition (2.22) of the star product and the property (2.23) of the
operators Cn
(
αa, βb
)
, we obtain from (3.15)
Fˆ a = dAˆa +
1
2
fabcAˆ
b ∧ Aˆc +
1
2
~
2
dabcC1
(
Aˆb, Aˆc
)
−
1
2
~
2
4
fabcC2
(
Aˆb, Aˆc
)
+O
(
~
3
)
(3.16)
More explicitly, in terms of components we have
Fˆ aµν = ∇µAˆ
a
ν−∇νAˆ
a
µ+f
a
bcAˆ
b
µAˆ
c
ν+Aˆ
a
ρT
ρ
µν+
~
2
dabcC1
(
Aˆbµ, Aˆ
c
ν
)
−
~2
4
fabcC2
(
Aˆbµ, Aˆ
c
ν
)
+O
(
~
3
)
,
(3.17)
where we used the definition Cn
(
Aˆb, Aˆc
)
= Cn
(
Aˆbµ, Aˆ
c
ν
)
dxµ ∧ dxν with
C1
(
Aˆbµ, Aˆ
c
ν
)
=
{
Aˆbµ, Aˆ
c
ν
}
= θρσ∇ρAˆ
b
µ∇σAˆ
c
ν , (3.18)
C2
(
Aˆbµ, Aˆ
c
ν
)
=
1
2
θρσθλτ∇ρ∇λAˆ
b
µ∇σ∇τ Aˆ
c
ν +
1
3
(
θρτ∇τθ
σλ +
1
2
θστθλφT
ρ
τφ
)
(3.19)
×
(
∇ρ∇σAˆ
b
µ∇λAˆ
c
ν −∇σAˆ
b
µ∇ρ∇λAˆ
c
ν
)
.
Under the gauge transformation (3.11) the curvature 2-form Fˆ transforms as
δˆFˆ = i
[
λˆ, Fˆ
]
⋆
, (3.20)
where we used the Leibniz rule
d
(
αˆ ⋆ βˆ
)
= dαˆ ⋆ βˆ + (−1)|α|αˆ ⋆ dβˆ (3.21)
which we admit to be valid to all orders in ~. The Leibniz rule was verified only in
the first order. To second order the proof is very cumbersome. We believe, however,
motivated by the associativity of the proposed star product, that the Leibniz rule
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is valid to all orders. This issue remains a challenge to be proven. In terms of the
components (3.20) gives
δˆFˆ a = fabcFˆ
bλˆc +
~
2
dabcC1
(
Fˆ b, λˆc
)
−
~2
4
fabcC2
(
Fˆ b, λˆc
)
+O
(
~
3
)
. (3.22)
In the zeroth order, the formula (3.22) reproduces therefore the result of the commu-
tative gauge theory
δF aµν = f
a
bcF
b
µνλ
c ⇔ δF = i[λ, F ]. (3.23)
Using again the Leibniz rule, we obtain the deformed Bianchi identity
dFˆ − i
[
Aˆ, Fˆ
]
⋆
= 0. (3.24)
If we apply the definition (3.12) of the star commutator, we obtain
dFˆ + i
[
Fˆ , Aˆ
]
=
[
~
2
dabcC1
(
Fˆ b, Aˆc
)
−
~
2
4
fabcC2
(
Fˆ b, Aˆc
)]
Ta +O
(
~
3
)
, (3.25)
or in terms of components
dFˆ a − fabcFˆ
b ∧ Aˆc =
~
2
dabcC1
(
Fˆ b, Aˆc
)
−
~2
4
fabcC2
(
Fˆ b, Aˆc
)
+O
(
~
3
)
. (3.26)
We remark that in zeroth order we obtain from (3.25) the usual Bianchi identity
dF + i[F,A] = 0. (3.27)
In addition, if the gauge group is U (1), the Bianchi identity (3.24) becomes
dFˆ = ~C1
(
Aˆ, Fˆ
)
+O
(
~
3
)
. (3.28)
This result is also in accord with that of [24].
Having established the previous results, we can construct a noncommutative Yang-
Mills (NCYM) action. We will consider the case when the gauge group is U(N). Let
Gµν be a metric on the noncommutative space-time M [15]. We suppose that the
metric Gµν belongs to the adjoint representation of U(1) ⊂ U(N) in the sense that
Gµν = GµνI, where I is the unity matrix of U(N) in this representation. Therefore,
we consider the components of Gµν as Lie-algebra-valued zero-forms. The covariant
derivative of the metric Gµν is
∇µG
νρ = ∂µG
νρ +GνσΓρµσ + Γ
ν
µσG
σρ. (3.29)
If Gµν is not constant, we have to modify it to be a covariant metric Gˆµν for the
(NCYM) action [31], so that it transforms like Fˆ [see (3.20)]
δˆGˆµν = i
[
λˆ, Gˆµν
]
⋆
, (3.30)
Then, using the definition (3.12) for the star commutator, we obtain from (3.30)
δˆGˆµν = θρσ∇ρGˆ
µν∂σλˆ+O
(
~
3
)
. (3.31)
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We can use the Seiberg-Witten map with the covariant star product for a field, which
is in the adjoint representation (as we consider Gµν to be), in order to obtain [32]
Gˆµν = Gµν − A0ρθ
ρσ∇σG
µν +O
(
~
3
)
, (3.32)
where A0µ is the gauge field in the U(1) sector of U(N).
In order to construct the NCYM action for the gauge fields Aaµ(x), µ = 1, 2, 3, 0, a =
0, 1, 2, . . . , N2 − 1, we use the definition for the integration 〈f〉 of a function f (or of
any other quantity) over the noncommutative space M as (see [31] for details)
〈·〉 =
∫
dx4 |Pf(B)| (·), (3.33)
where B = θ−1 and Pf(B) denotes the Pfaffian of B, i.e. |Pf(B)| =
√
det(B). The
notation has a connection with the very important result that for a D-brane in a B
field background (with B constant or nonconstant), its low-energy effective theory
lives on a noncommutative space-time with the Poisson structure [31, 33, 34]. More
exactly, it has been shown that the metric G introduced on the Poisson manifold M
is related to the metric g appearing in the fundamental string (open or closed) action
by G = −B−1gB−1 [9, 31, 33].
Now, we define the NCYM action by (see [15, 31])
SˆNCYM = −
1
2g2c
〈
tr
(
Gˆ ⋆ Fˆ ⋆ Gˆ ⋆ Fˆ
)〉
= −
1
4g2c
〈
tr
(
Gˆµν ⋆ Fˆνρ ⋆ Gˆ
ρσ ⋆ Fˆσµ
)〉
, (3.34)
where gc is the Yang-Mills gauge coupling constant, and we have used the normalization
property
tr (TaTb) =
1
2
δabI. (3.35)
Using the properties of gauge covariance (3.20) and (3.30) for Fˆ and Gˆ, respectively,
we obtain
δˆSˆNCYM = −
~
4g2c
〈
C1
(
tr
(
GˆFˆ GˆFˆ
)
, λˆ
)〉
+O
(
~
3
)
. (3.36)
Since the integral (3.33) is cyclic in the Poisson limit [31], the integral of the Poisson
bracket vanishes, i.e. 〈C1(f, h)〉 = 0 for any integrable functions f and h, and thus
(3.36) becomes
δˆSˆNCYM = 0 + O
(
~
3
)
. (3.37)
Therefore, the action SˆNCYM is invariant up to the second order in ~. The expression
(3.34) of the action can be further simplified as [15, 31]
SˆNCYM = −
1
2g2c
〈
tr
(
GˆFˆ GˆFˆ
)〉
+O
(
~
3
)
= −
1
4g2c
〈
tr
(
GˆµνFˆνρGˆ
ρσFˆσµ
)〉
+O
(
~
3
)
,
(3.38)
Using the previous results we can obtain solutions for the noncommutative gauge
field equations. An example is given in Section 4, using the symplectic manifold M
endowed with a covariantly constant torsion.
We can add fields into our noncommutative gauge model in the usual way. As
an example, we mention the case when the noncommutative U(N) gauge theory is
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coupled to a Higgs multiplet Φˆ(x) = ΦˆaTa in the adjoint representation. The action
integral for Φˆ(x) is [35]
SˆHIGGS = −
1
4g2
〈
tr
(
DˆµΦˆ ⋆ Gˆ
µν ⋆ DˆνΦˆ
)〉
, (3.39)
where
DˆµΦˆ = ∂µΦˆ− ig
[
Φˆ, Aˆµ
]
⋆
(3.40)
is the noncommutative gauge covariant derivative. Because this derivative is gauge
covariant, in the sense
δˆ
(
DˆµΦˆ
)
= i
[
λˆ, DˆµΦˆ
]
⋆
, (3.41)
the action SˆHIGGS is invariant as well as SˆNCYM up to the second order in ~. The action
of the noncommutative U(N) coupled to the Higgs multiplet Φˆ(x) reads
SˆNC = −
1
4g2
〈
tr
(
Gˆµν ⋆ Fˆνρ ⋆ Gˆ
ρσ ⋆ Fˆσµ + DˆµΦˆ ⋆ Gˆ
µν ⋆ DˆνΦˆ
)〉
. (3.42)
This action can be used for obtaining solutions of the noncommutative version of the
Yang-Mills Higgs model by using the covariant star product on the symplectic manifold
M , as an extension of the results of [35], where the usual Moyal star product is used.
4 An illustrative example
As a very simple example we consider the Poincare´ gauge theory to construct the
manifold M . Then, suppose that we have the gauge fields eaµ and fix the gauge
ωabµ = 0 [36]. We define the connection coefficients
Γρµν = e¯
ρ
a ∂µe
a
ν , (4.1)
where e¯ ρa denotes the inverse of e
a
µ. Obviously, the connection Γ defined by these
coefficients is not symmetric, i.e. Γρµν 6= Γ
ρ
νµ. Define then the torsion by formula
T ρµν = Γ
ρ
µν − Γ
ρ
νµ. (4.2)
In order to simplify the calculation, we consider the case of spherical symmetry
and choose the gauge fields eaµ as
eaµ = diag
(
A, 1, 1,
1
A
)
, e¯ µa = diag
(
1
A
, 1, 1, A
)
, (4.3)
where A = A(r) is a function depending only on the radial coordinate r. Then,
denoting the spherical coordinates on M by (xµ) = (r, ϑ, ϕ, t), µ = 1, 2, 3, 0, the non-
null components of the connection coefficients are
Γ010 = −
A′
A
, Γ111 =
A′
A
. (4.4)
It is easy to see that the only non-null components of the torsion are
T 001 = −T
0
10 =
A′
A
. (4.5)
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Also, using the definitions (2.7) and (2.8) of the curvatures, we obtain
R˜0101 = −R˜
0
110 =
AA
′′
− 2A
′2
A2
, Rλµνρ = 0 (4.6)
and all other components of R˜λµνρ vanish. In these expressions, we denote the first and
second derivatives of A(r) by A′ and A′′, respectively. The vanishing curvature Rλµνρ
agrees with the constraint (2.20).
Introduce then the noncommutativity parameters θµν and suppose that we choose
them to be
(θµν) =


0 0 0 1
A(r)
0 0 b 0
0 −b 0 0
− 1
A(r)
0 0 0

 , (4.7)
where b is a nonvanishing constant. Then we have
∇˜1θ
01 = −∇˜1θ
10 = 0, ∇1θ
01 = −∇1θ
10 =
A′
A2
. (4.8)
This agrees with the constraint (2.14) that θµν is covariant constant under ∇˜.
Finally, if we impose also the condition that the curvature R˜µνρσ = θ
µλR˜νλρσ vanishes
(equivalent with (2.25) due to (2.4)), that implies ∇λR˜
µν
ρσ vanishes too (2.21), then
from (4.6) we obtain the following differential equation of the second order for the
unknown function A(r):
AA
′′
− 2A
′2 = 0. (4.9)
The solutions of this equation is
A(r) = −
1
c1r + c2
, (4.10)
where c1 and c2 are two arbitrary constants of integration. Therefore, in our simple
example, the conditions necessary to define a covariant star product on a symplectic
manifold M completely determine its connection. In addition, it is very interesting to
see that the covariant derivative of the torsion, defined as
∇µT
ν
ρσ = ∂µT
ν
ρσ + Γ
ν
µλT
λ
ρσ − Γ
λ
µρT
ν
λσ − Γ
λ
µσT
ν
ρλ, (4.11)
has the following non-null components
∇1T
0
01 = −∇1T
0
10 =
AA
′′
− 2A
′2
A2
. (4.12)
Then, taking into account the equation (4.9), we conclude that the torsion is covariant
constant, ∇µT
ν
ρσ = 0, a result which is in concordance with the condition (2.27).
Now we construct a noncommutative U(2) gauge theory on the space-time manifold
M presented in the previous example. Denote the generators of the U(2) group by
Ta, a = k, 0, with k = 1, 2, 3; here Tk = σk (Pauli matrices) generates the U(2) sector
and T0 = I (the unit matrix) — the U(1) sector of the gauge group . These generators
satisfy the algebra (3.8), where only the structure constant f ijk = 2ǫijk (ǫijk are the
totally antisymmetric Levi-Civita symbols) of the SU(2) sector are nonvanishing, the
other components of fabc being equal to zero. The anticommutator {Ta, Tb} = d
c
abTc
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also belongs to the algebra of U(2), where d0bc = 2δbc, d
a
b0 = 2 are the only nonvanishing
components.
We choose the 1-form gauge potential of the form [37, 38]
A = uT3dt + w (T2dϑ− sinϑT1dϕ) + cos ϑT3dϕ+ vT0dt, (4.13)
where u, w, v are functions depending only on the radial coordinate r. We consider
the metric Gµν and its inverse G
µν of the form
Gµν = diag
(
1
N
, r2, r2 sin2 ϑ,−N
)
(4.14)
and
Gµν = diag
(
N,
1
r2
,
1
r2 sin2 ϑ
,−
1
N
)
, (4.15)
respectively, whereN is also a function depending only on r. For example, the following
set of functions
u = u0 +
Q
r
, w = 0, v = 0, N = 1−
2M
r
+
Q2 + 1
r2
(4.16)
describes a colored black hole in the SU(2) sector [38]. The metric Gµν is of Reissner-
Nordstro¨m type with electric charge Q and unit magnetic charge [38]. It is the simplest
solution of the Einstein-Yang-Mills field equations with a nontrivial gauge field.
We can obtain the noncommutative Yang-Mills field equations and their solutions
by imposing the variational principle δˆSˆNCYM = 0. However, it is simpler and equiv-
alent to use the Seiberg-Witten map and determine the noncommutative gauge fields
Aˆµ, the field strength Fˆµν and the metric Gˆ
µν order by order in the deformation pa-
rameter.
To this end, we denote the noncommutative quantities of our model by λˆ = λˆaTa
(the gauge parameter), Aˆ = Aˆµdx
µ = AˆaµTadx
µ (the 1-form gauge potential) and
Gˆµν = GˆµνI (the metric), and expand them as formal power series in θ
λˆ = λ+ λ(1) + λ(2) + · · · ,
Aˆµ = Aµ + A
(1)
µ + A
(2)
µ + · · · , (4.17)
Gˆµν = Gµν +Gµν(1) +Gµν(2) + · · · ,
where the zeroth order terms λ, Aµ and G
µν are the ordinary counterparts of λˆ, Aˆµ
and Gˆµν , respectively. Using the Seiberg-Witten map for the noncommutative gauge
theory with the covariant star product [32] we obtain the following expressions for the
first order deformations:
λ(1) =
1
4
θρσ {∂ρλ,Aσ} , (4.18)
A(1)µ = −
1
4
θρσ {Aρ,∇σAµ + Fσµ} , (4.19)
Gµν(1) = −θρσA0ρ∇σG
µν . (4.20)
Note that due to the particular form of the parameter θµν (4.7) and the solution (4.10),
there are in fact three noncommutativity parameters in our model: c1, c2 and b. From
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now on we denote them by c1 = θ1 (of dimension T ), c2 = θ2 (of dimension LT ) and
b = θ3 (dimensionless).
The first order deformations of the field strength can be obtained from the definition
(3.15) by using (4.19):
F (1)µν = −
1
4
θρσ ({Aρ,∇σFµν +DσFµν} − {Fµρ, Fνσ}) , (4.21)
where
∇σFµν = ∂σFµν − Γ
ρ
σµFρν − Γ
ρ
σνFµρ (4.22)
is the covariant derivative (it concerns the space-time manifold M) and
DσFµν = ∇σFµν − i [Aσ, Fµν ] (4.23)
is the gauge covariant derivative (it concerns the gauge group).
In particular, for the colored black hole solution (4.16) we obtain
A
a(1)
0 =
(
0, 0,
1
2
sin(2ϑ)θ3,−
1
2
(
u0 +
Q
r
)[(
u0 +
3Q
r
)
θ1 +
2Q
r2
θ2
])
, (4.24)
Gµν(1) = 0, (4.25)
F 0(1)µν =


0 0 0 B(r)(rθ1 + θ2)
0 0 cos(2ϑ)θ3 0
0 − cos(2ϑ)θ3 0 0
−B(r)(rθ1 + θ2) 0 0 0

 , (4.26)
where a = 1, 2, 3, 0 and
B(r) =
Q
r3
(
2u0 +
3Q
r
)
, (4.27)
and other components of F
a(1)
µν are equal to zero. When the U(1) sector is not empty
v(r) 6= 0, we obtain a nonvanishing first order deformation of the metric Gµν(1) 6= 0,
but for simplicity we prefer to consider only the colored black hole solution here.
All these first order deformations vanish if the noncommutativity parameters vanish
θ1, θ2, θ3 → 0. However, this limit cannot be achieved because the symplectic structure
of the space-time M imposes the condition det (θµν) 6= 0.
Finally, we mention that colored black holes and their generalizations with angular
momentum and cosmological term, as well as solutions with cylindrical and plane
symmetries have also been obtained [38]. It would be of interest to extend these
results to the noncommutative theory.
5 Conclusions and discussions
We developed a noncommutative gauge theory by using a covariant star product be-
tween differential forms on symplectic manifolds defined as in [14]. We followed the
same way as in our recent paper [15], extending the results of [14] to the case of
Lie-valued differential forms.
To simplify the calculations, we considered a space-time endowed only with torsion.
It has been shown that, in order to satisfy the restrictions imposed by the associativity
property of the covariant star product, the torsion of the space-time has to be covariant
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constant, ∇µT
ν
ρσ = 0. On the other hand, it has been argued that a covariant star
product defined in the case when the space-time is a symplectic manifold endowed
only with curvature is not possible. This is due to the restrictions imposed by the
associativity property of the covariant star product which requires also the vanishing
curvature. The corresponding connection is therefore flat symplectic and this reduces
the applicability area of the covariant star product.
An illustrative example has been presented starting from the Poincare´ gauge theory.
Using the gauge fields eaµ and fixing the gauge ω
ab
µ = 0 [36] we defined the nonsymmet-
ric connection Γρµν = e¯
ρ
a ∂µe
a
ν . We deduced that, in this case, the conditions necessary
to define a covariant star product on a symplectic manifold M completely determine
its connection.
Some other possible applications of this covariant star product have been also
analyzed. First, it will be very important to generalize the Seiberg-Witten map to
the case when the ordinary derivatives are replaced with covariant derivatives and the
Moyal star product is replaced by the covariant one. Second, we can try to develop a
noncommutative gauge theory of gravity considering the symplectic manifoldM as the
background space-time. For such a purpose, we have to verify if the noncommutative
field equations do not impose too many restrictive conditions on the connection Γρµν ,
in addition to those required by the existence of the covariant product. However, the
problem of which gauge group we can choose remains unsolved. The Poincare´ group
can not be used because it does not close with respect to the star product. A possibility
will be to choose the group GL(2,C), but in this case we obtain a complex theory of
gravitation [39, 40]. Another possibility is to consider the universal enveloping of the
Poincare´ group, but this is infinite dimensional and we must find criteria to reduce
the number of the degrees of freedom to a finite one. Some possible ideas are given
for the case of SU(N) or GUT theories in [41], where it is argued that the infinite
number of parameters can in fact all be expressed in terms of right number of classical
parameters and fields via the Seiberg-Witten maps.
Two ways to generalize the Poisson bracket and the covariant star product to the
algebra of tensor fields on a symplectic manifold have been proposed recently [42, 43].
In the latter work one studied covariant star products on spaces of tensor fields defined
over a Fedosov manifold with a given symplectic structure and a given flat torsionless
symplectic connection. In the former approach one considers such generalizations on
symplectic manifolds and Poisson manifolds that impose as few constraints as possible
on the connections. Both of these approaches are in part motivated by their possible
application to noncommutative gravity.
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A Appendix
We verify the associativity property up to the second order in ~. For simplicity we
denote the exterior product by α ∧ β = αβ.
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Introducing (2.22) into (2.24) we obtain successively
[
αβ +
i~
2
C1(α, β) +
(
i~
2
)2
C2(α, β) + · · ·
]
⋆ γ
= α ⋆
[
βγ +
i~
2
C1(β, γ) +
(
i~
2
)2
C2(β, γ) + · · ·
]
(A.1)
or
(αβ)γ +
i~
2
[C1(αβ, γ) + C1(α, β)γ]
+
(
i~
2
)2
[C2(αβ, γ) + C1(C1(α, β), γ) + C2(α, β)γ] + · · ·
= α(βγ) +
i~
2
[C1(α, βγ) + αC1(β, γ)]
+
(
i~
2
)2
[C2(α, βγ) + C1(α,C1(β, γ)) + αC2(β, γ)] + · · · .
Identifying the terms of different orders in ~ we obtain
(αβ)γ = α(βγ), (A.2)
C1(αβ, γ) + C1(α, β)γ = C1(α, βγ) + αC1(β, γ), (A.3)
C2(αβ, γ) + C1(C1(α, β), γ) + C2(α, β)γ = C2(α, βγ) + C1(α,C1(β, γ)) + αC2(β, γ).
(A.4)
(A.2) is verified because the exterior product has this property.
Using (2.28), the (A.3) becomes
θµν [∇µ(αβ)(∇νγ) + (∇µα)(∇νβ)γ − (∇µα)∇ν(βγ)− α(∇µβ)(∇νγ)] = 0
that is satisfied due to the Leibniz rule ∇µ(αβ) = (∇µα)β + α(∇µβ).
In order to verify (A.4) we write it as
δC2(α, β, γ) ≡ C2(α, βγ)− C2(α, β)γ − C2(αβ, γ) + αC2(β, γ)
= {{α, β}, γ} − {α, {β, γ}}
(A.5)
We calculate the right-hand side of (A.5) first
{{α, β}, γ} − {α, {β, γ}} = (−1)|α|(|β|+|γ|){β, {γ, α}}
= (−1)|α|(|β|+|γ|)θµν(∇µβ)∇ν (θ
ρσ(∇ργ)(∇σα)) = −θ
µν(∇νθ
ρσ)(∇ρα)(∇µβ)(∇σγ)
+ θµνθρσ [(∇µ∇ρα)(∇νβ)(∇σγ)− (∇µα)(∇ρβ)(∇σ∇νγ)] , (A.6)
where the graded symmetry property (2.23) (for n = 1) and the graded Jacobi identity
(2.19) of the Poisson bracket are used in the first equality, the expression (2.28) for the
Poisson bracket in the second step, and the symmetry properties of θµν and the exterior
product, αβ = (−1)|α||β|βα, in the last equality. Then we introduce the decomposition
of the second covariant derivative of an arbitrary differential form as
∇µ∇ρα =
1
2
{∇µ,∇ρ}α−
1
2
T λµρ∇λ, (A.7)
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implied by (2.10) and (2.20), into (A.6). Finally, using the cyclic property (2.15) for
the torsion, we obtain
{{α, β}, γ} − {α, {β, γ}} = −
(
θµσ∇σθ
νρ +
1
2
θνσθρλT
µ
σλ
)
(∇να)(∇µβ)(∇ργ)
+
1
2
θµνθρσ [{∇µ,∇ρ}α(∇νβ)(∇σγ)− (∇µα)(∇ρβ) {∇ν ,∇σ} γ] , (A.8)
Next, we calculate the left-hand side of (A.5), the Hochschild coboundary of C2 (see
[14] for details). First we calculate C2(α, βγ)− C2(α, β)γ and C2(αβ, γ)− αC2(β, γ),
then substracting them yields
δC2(α, β, γ) =
1
2
θµνθρσ
[
(∇µ∇ρα)2(∇(νβ∇σ)γ)− 2(∇(µα∇ρ)β)(∇ν∇σγ)
]
+
1
3
(
θµσ∇σθ
νρ +
1
2
θνσθρλT
µ
σλ
)(
(∇ρα)2(∇(µβ∇ν)γ)− 2(∇(µα∇ν)β)(∇ργ)
)
, (A.9)
where we denote ∇(µα∇ρ)β =
1
2
[(∇µα)(∇ρβ) + (∇ρα)(∇µβ)]. By using the symme-
tries of the factor θµνθρσ and the cyclic relation implied by (2.16) and (2.15),
∑
(µ,ν,ρ)
(
θµσ∇σθ
νρ +
1
2
θνσθρλT
µ
σλ
)
= 0, (A.10)
we find
δC2(α, β, γ) =
1
2
θµνθρσ [{∇µ,∇ρ}α(∇νβ)(∇σγ)− (∇µα)(∇ρβ) {∇ν ,∇σ} γ]
−
(
θµσ∇σθ
νρ +
1
2
θνσθρλT
µ
σλ
)
(∇να)(∇µβ)(∇ργ), (A.11)
This is the same result as in (A.8) and therefore we have verified the associativity of
our star product to the second order in ~.
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